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ABSTRACT
Spatiotemporal properties of two-dimensional (2D) Hall-magnetohydrodynamic turbulence at in-
termediate plasma β = 2 are studied by means of Fast Iterative Filtering, a new technique for the
decomposition of nonstationary nonlinear signals. Results show that the magnetic energy at sub-ion
scales is concentrated in perturbations with frequencies smaller than the ion-cyclotron (IC) frequency
and with polarization properties that are incompatible with both kinetic Alfvén waves (KAWs) and
IC waves. At higher frequencies, we clearly identify signatures of both whistler waves and KAWs,
however their energetic contribution to the magnetic power spectrum is negligible. We conclude that
the dynamics of 2D Hall-MHD turbulence at sub-ion scales is mainly driven by localized intermittent
structures, with no significant contribution of wavelike fluctuations.
1. INTRODUCTION
The physical mechanisms underlying the turbulent
cascade in the solar wind and other space plasma en-
vironments below the proton characteristic scales re-
main largely unknown. In particular, it is hotly debated
whether the energy cascade at sub-ion scales results from
nonlinearly interacting wavelike fluctuations described
in terms of low-frequency kinetic Alfvén waves (KAW)
(Schekochihin et al. 2009; Sahraoui et al. 2009; Salem
et al. 2012; Chen et al. 2013b) and/or whistler waves,
eventually complemented by wave-particle interactions
(e.g., Landau damping, Sahraoui et al. 2010; Sulem et al.
2016), or from spatially-localized highly-intermittent co-
herent structures (e.g., current sheets and reconnection
sites) where dissipation, heating, and cross-scale energy
transfer are enhanced (Wan et al. 2012; Perri et al. 2012;
Osman et al. 2014; Yang et al. 2017; Cerri & Califano
2017; Camporeale et al. 2018; Papini et al. 2020). It
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is difficult to address this question, since the intrinsic
spatiotemporal multiscale nature of turbulence makes
it difficult to identify and isolate the relevant mecha-
nisms in place. At MHD scales and for moderate values
of the plasma β, the turbulent eddies carry a signifi-
cant part of the energy (Andrés et al. 2017). At sub-ion
scales, early studies highlighting the spacetime Fourier
structure of turbulence hint that the plasma dynamics is
dominated by almost static low-frequency features, with
no clear signature of waves (Parashar et al. 2010). Re-
cently, several studies that exploit advanced techniques
for the analysis of the spatial properties of turbulence
provided evidence that the cross-scale energy transfer
at sub-ion scales occurs preferentially in coherent struc-
tures through enhanced dissipation (Yang et al. 2017;
Camporeale et al. 2018; Papini et al. 2020). On one
hand, such a picture is consistent with the high lev-
els of intermittency measured in the solar wind (Osman
et al. 2012; Wu et al. 2013). On the other hand, solar
wind turbulence at sub-ion scales shown to have prop-




























ratios between the power spectra of magnetic and den-
sity fluctuations (Salem et al. 2012; Chen et al. 2013b)
and a reduced magnetic helicity (Matthaeus et al. 1982)
of positive sign at high angles of propagation with re-
spect to the mean magnetic field (Telloni & Bruno 2016;
Woodham et al. 2018).
In this letter, we report results from a high-resolution
spatiotemporal multiscale study of fully developed tur-
bulence in a 2D Hall-magnetohydrodynamic (MHD)
simulation, with the aim to assess whether nonlinear
wavelike activity at sub-ion scales is energetically rele-
vant to the plasma dynamics. Previous studies, com-
paring Hall-MHD models with hybrid (ion-kinetic and
electron-fluid) models (Papini et al. 2019) and fully ki-
netic models (González et al. 2019), show that Hall-
MHD is able to reproduce the main magnetic properties
of plasma turbulence at sub-ion scales. In turn, hy-
brid kinetic models well reproduce in-situ observations
(Franci et al. 2020; Franci et al. 2020). The use of a
2D setup allows for a much higher resolution, compared
to a full 3D one, while preserving many spectral and
statistical properties of turbulence (Franci et al. 2018).
It is true, however, that employing a 2D geometry pre-
vents the onset of 3D intrinsic features of plasma tur-
bulence (e.g., critically balanced turbulence, Goldreich
& Sridhar 1995). The novelty of this work relies in
the concurrent use of, (i), a large high-resolution spa-
tiotemporal dataset and, (ii), Fast Iterative Filtering,
a novel adaptive technique designed for the decompo-
sition of nonlinear nonstationary signals (Cicone 2020)
(see Appendix A) which allows to clearly isolate features
in the time-frequency domain.
2. METHOD
We performed a simulation of freely-decaying Alfvénic
turbulence on a box of size Lx × Ly = 128di × 128di,
with 10242 gridpoints and a resolution ∆x = ∆y = di/8
(where di is the ion inertial length), by means of a
fully-compressible viscous-resistive nonlinear Hall-MHD
pseudospectral code (see Appendix C and Papini et al.
2019). The system is initialized with a constant out-of-
plane magnetic field B0 = B0ẑ (ẑ defines the parallel di-
rection) and a uniform plasma β = 2. Moreover, the xy-
plane is filled with incompressible velocity (u) and mag-
netic (B) fluctuations in energy equipartition and per-
pendicular to B0. These fluctuations are random-phase
sinusoidals of constant amplitude and with wavenum-
bers spanning −8π/Lx(y) ≤ kx(y) ≤ 8π/Lx(y). Their ini-
tial root-mean-square (rms) amplitude is urms = Brms '
0.24.
Our analysis begins at the maximum of turbulent ac-
tivity at t0 = 195Ω
−1
i (where Ωi is the ion-cyclotron
frequency), corresponding to the peak of the root-mean-
square of the current density (Mininni & Pouquet 2009).
The spacetime analysis is performed in the time interval




i ], in which all fields are sam-
pled with a cadence of 0.01Ω−1i . The resulting fields are
defined on a spatiotemporal grid of 1024× 1024× 2001
points. We separate the contribution of fast and slowly
evolving features by means of a new approach that
uses Fourier Transform (FT) and Fast Iterative Filtering
(FIF) (Lin et al. 2009; Cicone et al. 2016) for the spa-
tial and the temporal decomposition, respectively. We
name such mixed approach as the FTFIF decomposi-
tion. The novelty of our analysis is the use of FIF for the
temporal decomposition. FIF is designed to decompose
a nonstationary nonlinear signal into a set of Intrinsic
Mode Components (IMCs) oscillating around zero but
with varying amplitude and frequency, plus a residual
or trend. Such decomposition is adaptive, based on the
local characteristic frequencies of the signal, and does
not make any assumption on the shape of the signal to
be extracted. As such, FIF offers many advantages over
more traditional methods (e.g, FT and Wavelets) that
require assumptions on the stationarity and/or linearity
of the signal. Further details on the FIF technique and
on our FTFIF analysis are found in Appendix A and B.
3. RESULTS
Figure 1 shows the kω-diagram of the power spectrum
(or power spectral density) P(k⊥, ω) for both the parallel
(Bz) and perpendicular (B⊥) magnetic field and for the
perpendicular velocity fluctuations (u⊥), as obtained by
the FTFIF decomposition. The kω-diagram of a field is
computed by firstly performing a FT in space. Then,
a FIF decomposition is performed in time to obtain a
set of IMCs for each Fourier mode. Finally, the power
and average temporal frequency of each IMC is interpo-
lated to a kω-grid and summed over all the IMCs (see
Appendix B). On average, more than 2,000,000 IMCs
were extracted per field component. The kω-diagram
of u⊥ (Fig.1a) shows clear signatures of wave activ-
ity. Two ridges emanating from the origin nicely follow
the theoretical dispersion relations (Pucci et al. 2016)
for fast/whistler (FW) waves and Alfvén/kinetic Alfvén
waves (A/KAW) respectively. The dispersion relation
for A/KAW is calculated by using the mean (79.3◦) of
the angle θBk between the magnetic field and the xy-
plane (where the k vectors lie). Such ridge is broadened
because of the excursion of the values of θBk and β in
the simulation at the maximum of the turbulent activity,
which induces changes in the frequencies of the waves
throughout the simulation domain. For FW, the best
matching relation is obtained by using the mode (84.9◦)
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Figure 1. kω-diagram of the power spectrum obtained from the FTFIF decomposition of the perpendicular component of the
fluid velocity (a) and of the perpendicular (b) and parallel (c) components of the magnetic field at the maximum of turbulent
activity. Superimposed is the dispersion relation for FW (dashed) and A/KAW (solid), calculated using the mode (84.9◦)
and the mean (79.3◦) of the inclination angle θBk = arctan(Bz/
√
B2x +B2y), respectively. The dot-dashed curve denotes the
nonlinear-time frequency ωnl = 2π/τnl = 2πk⊥ũe(k⊥)(Papini et al. 2019).
of θBk. This, together with the fact that the A/KAW
ridge shows a wider broadening, suggests that FW are
preferentially excited in regions with very small perpen-
dicular magnetic fluctuations where the magnetic field
is almost parallel to the mean field B0, while KAWs
are more widely distributed. According to its polariza-
tions, the FW ridge is visible also in the kω-spectrum
of Bz and ρ (not shown). The A/KAW ridge is not
as visible, since it is partially swamped by the turbu-
lent magnetic activity. In the same figure, we report the
frequency ωnl = 2π/τnl corresponding to the character-
istic nonlinear turbulent time τnl(k⊥) = 1/(k⊥ũe(k⊥)),
which estimates the rate at which turbulence evolves at
a given scale ` = 2π/k⊥ (Papini et al. 2019) (ũe(k⊥) be-
ing the amplitude of the electron fluid velocity at that
scale). It is reasonable to assume that the area in the
kω-diagram below ωnl is dominated by the turbulent
dynamics whereas, above ω > ωnl, features (such as the
FW ridge and part of the A/KAW ridge) can evolve
freely and independently from the main turbulent cas-
cade.
To evaluate the energy contribution of FW and
A/KAW, we calculated their k-power spectra by in-
tegrating in frequency P(k⊥, ω) over the FW and the
A/KAW ridge respectively. The integration area of the
FW ridge encompasses all the frequencies ω within 10%
of the eigenfrequencies of the FW dispersion relation.
Instead, the integration area of the A/KAW ridge was
obtained by considering the excursion of the values of
θBk and β in the simulation domain, which affects the
frequencies of KAWs throughout the domain, thus caus-
ing the broadening of the ridge. Results are shown in
Fig. 2 for u⊥, B⊥, and Bz (but similar results are ob-
tained for the other fields). For all the fields, both the
FW (in violet) and KAW (in orange) spectra are ener-
getically negligible at sub-ion scales, being more than
one order of magnitude smaller than the total power
(in black). The A/KAW spectrum is not negligible at
fluid-MHD scales, as expected in the case of Alfvénic-
turbulence. Although energetically irrelevant at sub-ion
scales, both the FW and the A/KAW spectra appear to
follow well defined power laws. At around the spectral
break (k⊥di ' 2.8, vertical dotted line) both the FW
spectrum (in Bz) and the A/KAW spectrum (in B⊥ and
Bz) sharply transition to a well-defined −11/3 slope,
which persists until dissipation scales are reached (at
k⊥di ' 12, vertical dot-dashed line). The FW spectrum
of u⊥ also shows a −11/3 power-law, because of its po-
larization properties. The existence of a −11/3 power-
law at sub-ion scales is predicted by few Hall-MHD the-
oretical models (Krishan & Mahajan 2004; Galtier &
Buchlin 2007; Meyrand & Galtier 2012; Schekochihin
et al. 2019). Some of their underlying hypothesis, how-
ever, are inconsistent with what observed here (e.g. the
requirement of Pu(k⊥) PB(k⊥) in Krishan & Maha-
jan 2004; Galtier & Buchlin 2007; Schekochihin et al.
2019, is inconsistent with both the FW and A/KAW
spectra). This, together with the fact that the whole
FW ridge and the A/KAW ridge (although partially)
are located at frequencies higher than the nonlinear-time
frequency ωnl (see Fig.1), possibly suggests that FW and
KAWs may undergo a separate cascade independently
from the main cascade. We remark that both the FW
and the A/KAW spectra remain energetically irrelevant
































Figure 2. Power spectra Pu⊥(k⊥) (a), PB⊥(k⊥) (b), and PBz (k⊥) (c) as obtained by integrating over the FW (violet) and the
A/KAW (orange) ridges. The total power spectrum (solid black), obtained by integrating P(k⊥, ω) over the whole frequency
domain, nicely matches the isotropized power spectrum (Franci et al. 2015) obtained from a standard spatial Fourier transform



















Figure 3. Power spectrum of perpendicular magnetic field
fluctuations, obtained by integrating PB⊥(k⊥, ω) over all
frequencies (black), over low frequencies ω ≤ Ωi (blue),
medium frequencies ω ≤ 3Ωi (red solid), and high frequen-
cies ω > 3Ωi (red dashed).
is increased, although the −11/3 power-law then tends
to disappear.
Instead of being related to FW and/or KAW activ-
ity, the energy at sub-ion scales is concentrated at low
frequencies. For instance, Fig. 3 shows that the power
spectrum of B⊥ (black-solid line), mainly results from
the energetic contribution of slowly evolving structures
and/or perturbations with temporal frequencies smaller
than the ion-cyclotron frequency Ωi (blue-solid line).
Going toward smaller scales (k⊥di & 6), the contribu-
tion of medium frequencies (ω ≤ 3Ωi, red-solid curve)
becomes important. The energy contained at higher fre-
quencies (red-dashed curve) is negligible.
4. DISCUSSION
The simulation data show that the turbulent energy
at kinetic scales is concentrated at low frequencies and
it is not clearly related to KAW activity. At first glance,
these results seem to disagree with previous studies
(Chen et al. 2013a) which used the ratio between mag-
netic and density power spectra (the so-called KAW ra-
tios) to detect the presence of KAW activity in the so-
lar wind. We deem here that it may not be correct to
use such ratios as a proxy for KAWs (as also noted by,
e.g., Grošelj et al. 2019). To support such statement, in
Fig. 4a we report the PBz (k⊥)/Pρ(k⊥) ratio of both the
FW (in violet) and the A/KAW (orange) power spectra,
together with the ratio of the spectra integrated over
all the frequencies (in black). The corresponding the-
oretical ratios (see Appendix E), calculated using the
exact wave solutions (dashed curves) of the linearized
Hall-MHD equations (Pucci et al. 2016) nicely match
both the FW and the A/KAW ratios from the simula-
tion, further confirming the wave nature of the ridges.
The approximate formula PBz (k⊥)/Pρ(k⊥) = (Γβ)
2/4
for the KAW ratios (see Appendix D) matches only
partially both the exact and the computed KAW ra-
tios, due to the fact that such formula is only valid for
large angles θBk & 88◦. Interestingly, the approximate
KAW ratio and the slow/ion-cyclotron (S/IC) exact ra-
tio match well with the ratio of the total spectra at ion-
kinetic scales, thus suggesting the presence of almost-
perpendicular low-frequency KAWs and/or S/IC. To
verify such a possibility, we calculated the ion-velocity
polarization ratios (Fig. 4b). Again, the ratio from the
A/KAW ridge nicely match the exact relation at ion-
kinetic scales. Moreover, at MHD scales, the ratio of
the total spectra (black solid curve) follows the exact
A/KAW ratio, as expected since turbulence is Alfvénic
at those scales. At ion-kinetic scales, however, neither
the approximate KAW (black-dotted line) nor the ex-
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Figure 4. Ratio PBz (k⊥)/Pρ(k⊥) (a) and
Pu⊥(k⊥)/Puz (k⊥) (b) as obtained by integrating the
corresponding kω-spectra over all frequencies (black curve),
over the FW ridge (violet), and over the A/KAW ridge
(orange). The dashed lines denote the corresponding
theoretical ratios as obtained from the wave solutions of the
linearized Hall-MHD equations. The horizontal dotted lines
denote the approximated KAW ratios (see Appendix D).
act S/IC (blue-dashed curve) ratio match with the com-
puted ratio (solid-black curve). This rules out the pres-
ence of (energetically relevant) low-frequency KAWs and
S/IC and point to a different origin for the matching of
the approximate KAW ratio with the ratio of the total
spectra in Fig. 4a (e.g. a state of pressure balance at
ion-kinetic scales, see Appendix D).
Our results are constrained by the 2D geometry. Wave
properties are not completely captured in a 2D model,
due to the limited access to the parallel wavenumber
(k||) space. However, we expect that our results are to
some extent relevant to a more realistic full 3D case.
The spectral turbulent properties measured in 3D sim-
ulations are well reproduced by 2D ones (Franci et al.
2018). Moreover, there are regions in our 2D domain
where the local mean magnetic field has an in-plane com-
ponent, thus allowing for the k||-space to be partially
accessible, especially at small scales. This is confirmed
by the existence of A/KAW and FW ridges satisfying
dispersion relations with θBk < 90
◦ (see Fig. 1). Fi-
nally and more importantly, theoretical models of KAW
turbulence, which require large angles of propagation
(k||  k⊥), would be captured by our 2D simulation.
In any case, to confirm our findings, we need to extend
this study to a fully 3D numerical setup.
To summarize, our results show that 2D Hall-MHD
turbulence at sub-ion scales is shaped by low frequency
features (as reported by Parashar et al. 2010). This
strongly points to a scenario where the plasma dynam-
ics is dominated by highly-intermittent slowly-evolving
structures where enhanced dissipation occurs (Yang
et al. 2017; Camporeale et al. 2018; Papini et al. 2020).
Our results indicate that 2D Hall-MHD turbulence on
sub-ion scales is not well described in terms of KAW tur-
bulence phenomenology (Howes et al. 2008; Schekochi-
hin et al. 2009; Boldyrev et al. 2013). KAW ratios (Chen
et al. 2013a) are not a good proxy for discriminating
KAW activity, because they only approximate the prop-
erties of KAWs and are also sensitive to the presence
of S/IC waves and to pressure-balanced structures (see
Appendix D and Verscharen et al. 2017; Grošelj et al.
2019).
Fundamental processes, such as wave-particle res-
onances and interactions (Markovskii et al. 2006;
Sahraoui et al. 2010; Sulem et al. 2016), as well as
nongyrotropic effects (Del Sarto et al. 2016), may also
contribute to dissipation and heating in space plasmas.
Such processes are not properly captured by Hall-MHD
models. In this context, future studies extending the
FTFIF analysis to large 3D simulations that retain a
fully-kinetic description of plasmas (Wan et al. 2015;
Franci et al. 2018; Grošelj et al. 2019; Franci et al. 2020)
will provide fundamental insights into the dynamics and
heating in turbulence.
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A. FAST ITERARIVE FILTERING
Iterative Filtering (IF) (Lin et al. 2009; Cicone et al.
2016) is a technique for the analysis of nonlinear non-
stationary signals. IF decomposes a given L2 signal f(t)
into N simple oscillating functions f̂m(t) called intrinsic




f̂m(t) + r(t), (A1)
where r(t) is the residual (or trend) of the decomposi-
tion. IF uses a low-pass filter, applied iteratively, to
extract the moving average of the signal at a given
timescale τm, in order to isolate a fluctuating component
whose average frequency ωm ∼ 2π/τm is well behaved.











where Sτm = I − Lτm , I is the identity operator, Lτm
is the integral operator associated to the low-pass filter
(Papini et al. 2020), and where n denotes the number
of times the operator Sτm is applied. τm is different for
each IMC and increasing with m. Therefore, IMCs with
increasing m will contain smaller frequencies ωm. The





where wm(t) ε [−τm, τm] is the kernel function associated
to the filter, with compact support [−τm, τm]. Here we
employ a Fokker-Plank filter Cicone et al. (2016). This
approach has been recently accelerated in what is known
as Fast Iterative Filtering (FIF) Cicone (2020).
B. SPACE-TIME ANALYSIS WITH ITERATIVE
FILTERING
The procedure used to calculate the kω-diagram is
the following. We consider a field F (x, y, t), with (x, y)
defined in a 2D periodic domain on a discrete grid of
Nx × Ny points and with t ∈ [t0, t1]. F (x, y, t) can be
either a scalar field (e.g. density) or a vector component
(e.g. Bz). The space-time analysis, employs a mixed ap-
proach. We perform a Fourier transform (FT) in space
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and we then apply FIF in time. The resulting FTFIF
decomposition consists of the following steps:
1. Perform a Fourier transform of F (x, y, t) to ob-
tain its complex Fourier spectrum F̃ (kix, k
j
y, t) =
F̃ ij(t), with i(j) = 1, ...Nx(Ny).
2. For each real (imaginary) component F ij(t) of





F̂ ijm (t) + r
ij(t). (B4)
3. For each pair (i, j), increase the orthogonality
of the set {F̂ ijm (t)} by calculating the cross-
correlation matrix
















Sum the IMCs for which Corrl,n > 0.6, to obtain
a reduced set {F̂ ijm (t)} (with m = 1,M ij) which is
almost orthogonal.
4. For each IMC, calculate its average frequency ωijm
and its amplitude Aijm =
√
〈(F̂ ijm )2〉. At the
end you have a set of frequencies and ampli-
tudes {ωijm, Aijm}, with m = 1,M ij and i(j) =
1, ...Nx(Ny).
5. Define an (arbitrary) equidistant kω-grid and in-
terpolate the energy (Aijm)
2 of each IMC to the






















where B is the interpolation operator and all pair
combinations (k1,2, ω1,2) denote the coordinates of
the four nearest points.
6. Finally, sum over i,j, and m to obtain the kω-
power spectrum of F
















where ∆T = t1 − t0 is the length of the temporal
interval considered.
C. HALL-MHD MODEL
The pseudospectral code employed in this work (Pa-
pini et al. 2019) solves the fully-compressible viscous-
resistive Hall-MHD equations (in adimensionalized
form)
∂tρ=−∇ · (ρu), (C6)
ρdtu=−∇P + (∇×B)×B +
+µ
[
∇2u +∇(∇ · u)/3
]
, (C7)
dtT = (Γ− 1)
{
−(∇ · u)T+η|∇ ×B|2/ρ+
+µρ−1
[
(∇× u)2 + 4/3(∇ · u)2
]}
, (C8)
∂tB = ∇×(u×B)+η∇2B +
−di/L∇×[(∇×B)×B/ρ], (C9)
where dt = ∂t + u · ∇, Γ = 5/3 is the adiabatic in-
dex and {ρ,u,B, T, P} denote density, ion-fluid veloc-
ity, magnetic field, temperature, and pressure respec-
tively. Thermodynamic variables are related through
the equation of state P = ρT . All quantities are nor-
malized with respect to a characteristic length L (set to
be equal to the ion inertial length di), a plasma den-
sity ρ0, a magnetic field amplitude B0, the Alfvén ve-
locity cA = B0/
√
4πρ0 = Ωidi, a pressure P0 = ρ0c
2
A,
and a plasma temperature T0 = (kB/mi)P0/ρ0. Ωi =
eB0/mic is the ion-cyclotron angular frequency and mi
is the ion’s mass. With this normalization, the Alfvén
time is τA = di/cA = Ω
−1
i , dynamic viscosity and mag-
netic resistivity are in units of dicAρ0 and dicA respec-
tively, and the Hall coefficient di/L = 1 in Eq. (C9). In
the above equations, the magnetic field B is expressed in
units of the Alfvén velocity. In code units, the electron
fluid velocity is ue = ui −∇×B/ρ.
Equations (C6-C9) are solved in a 2.5D periodic carte-
sian (x, y) domain, by employing Fourier transform for
dealiasing and calculating spatial derivatives and by us-
ing a 3rd-order Runge-Kutta method for time integra-
tion. In 2.5D codes, the space of the coordinates is
2D, vector quantities retain all three xyz-components,
and ∂z = 0 for all variables. The simulation ana-
lyzed in the present work employs a 2D box of size
Lx × Ly = 128di × 128di, with 10242 gridpoints and a
resolution ∆x = ∆y = di/8. Finally, we set the plasma
β = 2P0/B0 = 2 and µ = η = 0.001.
D. PRESSURE-BALANCED STRUCTURES AND
KAW RATIOS IN HALL-MHD
Following (Boldyrev et al. 2013), the ratio
(δBz(k)/δρ(k))
2 for KAWs, obtained in the limit















where Ti (Te) is the ion (electron) temperature, and vTi
is the thermal speed of the ions. The above expres-
sion can be adapted to the case of adiabatic HMHD by
substituting the ion thermal speed with the adiabatic
sound speed (vTi → cs) and by using the definition
β = (2/Γ)c2s/c
2
A together with Te/Ti = βe/βi (where





















We note that the above formula can be obtained self-
consistently from the KAW linear solutions of ideal
HMHD (see Eq. E17) in the limit kz  k⊥.
Eq. D11 is also fullfilled by slowly evolving pressure-
balanced structures. In Fourier kω-space, in the limit of
low frequencies and for wavenumbers smaller than the





to first order in the turbulent fluctuations. By using





The latter equation may be rearranged to give the ratio
between the parallel magnetic fluctuations δBz(k) and



















which, in adimensional units and by using PX(k) =







that is equal to Eq. (D11) for the approximated KAW
ratios.
E. POLARIZATION RATIOS
In presence of the Hall term and below ion scales
(kdi & 1), the three MHD wave solutions (fast, slow,
and Alfvén) are modified. The fast mode turns into a
whistler mode (FW), the Alfvén mode transitions to a
Kinetic Alfvén mode (A/KAW), and the slow mode be-
comes a (compressible) ion-cyclotron mode (S/IC) (e.g.,
Hollweg 2000; Galtier 2016). The polarization ratios
for FW, A/KAW, and S/IC waves are calculated from
the eigenmode solutions {δu(ω,k), δB(ω,k), δρ(ω,k)}
of the linearized Hall-MHD equations. The expression
for the dispersion relation, δu, and δB can be found in
Pucci et al. (2016). Following their convention, here we









where ω is the eigenfrequency, a is the perturbation am-
plitude, and k||(⊥) is the parallel (perpendicular) com-
ponent of the wave vector k with respect to the back-
ground magnetic field, thus tan(θBk) = k⊥/k||. Note
that the definition of parallel direction used here differs
from that of the numerical simulation, in which the par-
allel direction is that of the global mean magnetic field
(i.e. the z-direction).
The exact formulas for the polarization ratios shown




















































where the ratio for the desired branch (FW, A/KAW,
or S/IC) is obtained by plugging in the corresponding
eigenfrequency ω (whose analytical expression can be
found in Vocks et al. 1999). The analogous ratios from
the numerical simulation have been obtained by using
δB2⊥/k = PB⊥ , δB
2
||/k = PBz , δu
2
⊥/k = Pu⊥ , and
δu2||/k = Puz . Eqs. (E17) and (E19) give the exact
ratios used in Fig. 4.
In Fig. 5 we report the polarization ratios for
PB⊥(k⊥)/Pρ(k⊥). Again, as shown in Fig. 4, the
A/KAW ratio nicely matches the exact relations at ion-
kinetic scales. Moreover, at MHD scales, the ratio of
the total spectra (black solid curve) follows the exact
A/KAW ratio, as expected since turbulence is Alfvénic
at those scales. At ion-kinetic scales however, this is
not the case. The approximate KAW ratio (horizontal
dotted lines) matches with the ratio of the total spec-
tra for PB⊥/Pρ, (although such match is not as good as
in the case of PBz/Pρ). However, the presence of ener-
getically relevant low-frequency KAWs has already been
ruled out by the δu2⊥/δu
2
z ratio. This casts some doubts
on the use of PB⊥/Pρ as a proxy for KAW activity.
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Figure 5. Ratio PB⊥(k⊥)/Pρ(k⊥) as obtained by integrat-
ing the corresponding kω-spectra over all frequencies (black
curve) and over the A/KAW ridge (orange). The dashed
lines denote the corresponding theoretical ratios as obtained
from the wave solutions of the linearized Hall-MHD equa-
tions. The horizontal dotted lines denote the approximated
KAW ratios (see Appendix).
The approximate relations for the PB⊥/Pρ and the
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